Abstract The purpose of this article is to study and analyze the convective flow of a third grade non-Newtonian fluid due to a linearly stretching sheet subject to a magnetic field. The dimensionless entropy generation equation is obtained by solving the reduced momentum and energy equations. The momentum and energy equations are reduced to a system of ordinary differential equations by a similarity method. The optimal homotopy analysis method (OHAM) is used to solve the resulting system of ordinary differential equations. The effects of the magnetic field, Biot number and Prandtl number on the velocity component and temperature are studied. The results show that the thermal boundary-layer thickness gets decreased with increasing the Prandtl number. In addition, Brownian motion plays an important role to improve thermal conductivity of the fluid. The main purpose of the paper is to study the effects of Reynolds number, dimensionless temperature difference, Brinkman number, Hartmann number and other physical parameters on the entropy generation. These results are analyzed and discussed. 
Introduction
The efficient use of energy and optimal consumption of resources has motivated research into improving the efficiency of industrial processes. Research on the improvement in heat transfer as one of the most influential factors in energy consumption has been the main focus. Evaluation of entropy generation and the use of special fluids like non-Newtonian fluids are important and efficient methods for achieving optimal heat transfer.
With the advancement of industry and improved engineering expertise, entropy generation is seen as an appropriate solution to improve efficiency in industrial processes. Bejan was the first researcher to introduce this concept by means of entropy generation minimization (EGM) [1] . EGM is also known as second law analysis and thermodynamic optimization. In recent years much research has been done on this topic in different geometries. Analysis of the second law of thermodynamics applied to an electrically conducting incompressible nanofluid fluid flowing over a porous rotating disk with an externally applied uniform vertical magnetic field has been considered by Rashidi et al. [2] . Rashidi et al. [3] extended the analysis from [2] by considering entropy generation in MHD and slip flow over a rotating porous disk [3] . Entropy generated inside the boundary-layer of nanofluids over a flat plate is studied analytically by Malvandi et al. [4] . Second law analysis of a viscoelastic fluid over a stretching sheet influenced by a magnetic field with heat and mass transfer was studied by Aı¨boud and Saouli [5] . Kummer's functions were used to analyze the model and show the influence of physical parameters on entropy generation.
In this article the effects of a stretching sheet due to convective MHD flow of third grade non-Newtonian fluid were investigated. In the same way a stretching sheet plays an important role in industry. It can be used in industrial applications such as metal spinning, hot rolling and extrusion. The rates of stretching and cooling have significant influence on the quality and properties of the final product [6] . Chang et al. have studied the flow of a non-Newtonian fluid over a stretching sheet by determining explicit solutions [7] . Anderson et al. investigated the flow of a non-Newtonian power-law fluid over a stretching sheet influenced by a magnetic field [8] . Chakrabarti and Gupta studied hydromagnetic flow and heat transfer due to a stretching sheet [9] . Abel et al. studied magnetohydrodynamic flow due to a stretching surface with heat and mass transfer of a non-Newtonian fluid [10] .
Sarpakaya was the first researcher to study the effect of magnetic field on flows of non-Newtonian fluids [11] . Siddappa and Subhas investigated the flow of a viscoelastic non-Newtonian fluid due to a stretching plate [12] . Qasim et al. investigate the steady flow of a micropolar fluid over a stretching surface with heat transfer in the presence of Newtonian heating [13] . Nadeem et al. consider the steady flow of a Jeffrey fluid on a stretching sheet [14] . Prasad et al. investigate MHD over a nonlinear stretching sheet of a power law fluid [15] . Kishan and Reddy include the effects of suction/ injection to the problem considered by Prasad et al. [15] to investigate a more complicated system of ordinary differential equations [16] . Abel and Mahesha consider the effects of variable thermal conductivity and non-uniform heat source on heat transfer in a viscoelastic NHD fluid on a stretching sheet [17] . Javeda et al. devote their paper to the study of an Eyring-Powell fluid over a stretching sheet [18] . Mahmoud and Megahed investigate MHD flow of a power law fluid on an unsteady stretching sheet [19] . Mukhopadhyay considers the flow of a Casson fluid on a nonlinearly stretching sheet [20] . Prasad et al. extend the work of Javeda et al. [18] by considering the flow of an Eyring-Powell fluid over a nonisothermal stretching sheet [21] . Bhattacharyya extends the work of Mukhopadhyay [20] by considering the flow of a Casson fluid over a stretching sheet with thermal radiation [22] . Boundary-layer flow and heat transfer of nonNewtonian fluids in porous media are investigated by Chaoyang and Chuanjing [23] . In another studies, Nadeem et al. [24] [25] [26] studied the oblique stagnation-point flow of viscoelastic and Casson fluids numerically and analytically using midpoint integration scheme with Richardson's extrapolation and HAM. Further, Akbar et al. [27] discussed the two dimensional stagnation-point flow of carbon nanotubes toward a stretching sheet with water as the base fluid under the influence of slip effects and convective boundary condition using a homogeneous model. Moreover, Noreen and Butt [28] investigated the peristaltic motion of a Casson fluid of a non-Newtonian fluid accompanied in a horizontal tube.
The fluid we choose to study is a third-grade fluid nanofluid. The flow behavior of this fluid cannot be classified by a Newtonian relationship. In addition, the fluid improves the heat transfer rate. Examples of these fluids are different models of oil that are used for cooling and lubrication in industry, polymer solutions and molten polymers in chemical engineering and blood.
In this paper we analyze entropy generation due to a stretching sheet with a non-Newtonian fluid in the presence of a magnetic field. The momentum and energy equations that are used to obtain the entropy generation are determined from a highly nonlinear system of differential equations [29] . We implement the Optimal Homotopy Analysis Method (OHAM) to solve the system of nonlinear governing equations. Liao introduced homotopy as a general analytic method for solving nonlinear problems [30] [31] [32] . Liao in particular implemented the HAM to solve the resulting nonlinear ordinary differential equation when he investigated the flow of second and third-order nonNewtonian power law fluids on a stretching sheet [33] .
This paper is divided up as follows: in Section 2 the problem statement and physical conditions are prescribed. In Section 3 the analytical method (OHAM) is explained and the resulting governing equations are solved. Entropy generation is investigated in Section 4. Results and graphs are presented in Section 5. Concluding remarks are made in Section 6.
Flow analysis and mathematical formulation
In this section we derive the system of nonlinear equations modeling the flow of a third grade fluid over a stretching sheet. The flow is generated due to a plate that is stretching linearly in its own plane. An incompressible third grade nanofluid is situated over the plate at y = 0 where the fluid occupies the space y > 0. In the presence of a heat source or heat sink convective cooling/heating is incorporated into our mathematical model.
The boundary-layer equations for this particular model are given by the following:
Boundary conditions are assumed as follows:
Cartesian coordinate axes are selected where y and x are normal and along the flat plate respectively, u and v are the elements of the velocity in the x and y directions. T 1 , T f are taken as ambient values of temperature and as the temperature due to the convective cooling/heating process. Moreover q is the density of the base fluid and t is the kinematic viscosity. c is constant (where c P 0) and has ' time À1 ' dimension. The nonlinear equations are transformed to dimensionless form over the normal distance from the plate g ¼ ffi ffi
c t p y, by using the similarity transforms:
The new governing equations are given by the following:
The modified boundary conditions are given by the following:
We note that Pr, c, E 4 , (E 1 , E 2 , E 3 ) as Prandtl number, the Biot number, Reynold's number and the fluid parameters, respectively and have the following scaling:
HAM solution
A well-known method for solving a system of nonlinear equations is the homotopy analysis method (HAM). The analytic solutions of the system of nonlinear ordinary differential equations are constructed in series form and the convergence of the obtained series solutions is carefully analyzed [33] . To solve the Eqs. (6), (7) by using HAM we proceed as indicated below [34, 30] . The first step is to choose the initial approximations as follows:
The next steps is chosen the auxiliary linear operators as follows:
The nonlinear operators that are based on Eqs. (6)- (8) are defined as follows: 
So, the following series is generated:
We note here that 
The parameter ⁄ plays an important role in the convergence [34] so, if p is considered to p = 1 then ⁄ is selected such that the series (17) Eq. (15) is the zeroth-order equation and to obtain complete solutions of the series should be repeated several times to achieve convergence so, mth-order deformation equations with respect to p are defined as follows: 
Finally, for solving Eq. (18), the software MATHEMA-TICA is used by an appropriate developed program.
Optimal convergence control parameters
It must be remarked that the series solutions (18) contain the nonzero auxiliary parameters ⁄ f and ⁄ h , which determine the convergence region and also rate of the homotopy series solutions. To obtain the optimal values of ⁄ f and ⁄ h , here the socalled average residual error defined by Refs. [35, 36] were used as follows:
Due to Liao [37] 
where e t m is the total squared residual error, dg = 0.5 and k = 20. For example, a case has been considered where
and c = 0.1. Table 1 presents the optimal values of convergence control parameters as well as the minimum values of total averaged squared residual error versus different orders of approximation. Table 2 displays the individual average squared residual error at different orders of approximations using the optimal values from Table 1. In addition, Fig. 1 illustrates the maximum average squared residual error at different orders of approximation. It can be obviously seen that the averaged squared residual errors and total averaged squared residual errors are getting smaller as the order of approximation is increased. Hence, Optimal HAM gives us freedom to select any set of local convergence control parameters to obtain convergent results.
Entropy generation
In this section we want to obtain entropy generation due to Convective MHD Flow of Third Grade Non-Newtonian Fluid over a Stretching Sheet. From the work of Bejan [38, 39] on entropy generation in the presence of a magnetic field with heat and mass transfer, the local volumetric rate of entropy generation is obtained from This equation includes the effective terms in entropy generation that are defined as the first term in the local entropy generation due to heat transfer across a finite temperature difference; the next term is local entropy generation due to viscous dissipation, and the effect of the magnetic field is defined by third term.
To obtain the dimensionless number for the entropy generation rate, the Eqs. (23), (6) are used to obtain Eq. (24) that is defined as
Then by using the dimensionless numbers
where Re, Br, X are defined as the Reynolds number, Brinkman number and dimensionless temperature difference numbers, and entropy generation is given by where N G is defined as
where _ S 000 gen is the local volumetric entropy generation rate and _ S 000 characteristic entropy generation rate given by _ S 000 0 ¼ kðDTÞ 2 =l 2 T 2 1 .
Results and discussion
In this section we discuss the effects of the different parameters on the velocity profile, temperature distribution and entropy generation function. Firstly, the effect of E 3 on the velocity and temperature distribution is illustrated in Figs. 2 and 3 . From Fig. 2 , it is clear that the velocity profile and consequently momentum boundary-layer are increasing functions of E 3 . This physically implies that E 3 is a shear thinning parameter and causes the fluid to be less viscous for increasing values of E 3 . In addition, Fig. 4 displays that the temperature of the fluid is reduced by increasing the value of cE 3 . vertical surface. According to the above explanation, the velocity boundary-layer thickness gets depressed and the temperature distribution increases slightly with the increase in the magnetic parameter. It is important to mention that the large resistances on the fluid particles, which cause heat to be generated in the fluid apply as the magnitude of the magnetic field increases.
The effect of the Prandtl number on the temperature distribution is shown in Fig. 6 . The thermal boundary-layer thickness decreases when the magnitude of the Prandtl number is increased. It physically means that the flow with large Prandtl number prevents spreading of the heat in the fluid.
The effect of the Biot number on the dimensionless temperature profile is demonstrated in Fig. 7 . The thermal boundary-layer thickness increases as the Biot number increases in magnitude. The effects of different flow physical parameters on the entropy generation number are plotted in Figs. 8-13 . The results show that increasing Biot number, Reynolds number, Brinkman number and Hartmann number cause an increase in the entropy generation number. Alternatively, decreasing the magnitude of the above parameters achieves the main goal of second law of thermodynamics, the minimizing of entropy generation. In addition, Fig. 8 displays that by increasing the magnitude of the magnetic parameter the entropy generation function increases up to a certain distance from the sheet (about g = 1). After this point, the behavior mentioned above is reversed. Roughly the same behavior can be observed from 
